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Abstract 


We consider the existence of normalized solutions in H ^(R^) X for systems 

of nonlinear Schrodinger equations which appear in models for binary mixtures of ultracold 
quantum gases. Making a solitary wave ansatz one is led to coupled systems of elliptic equa¬ 
tions of the form 


-Aui = Aiui + /i(ui) -I- diF{ui,U2), 
-Au2 = X2U2 + /2(U2) + d2F{ui,U2), 
U 1 ,U 2 e N> 2 , 


and we are looking for solutions satisfying 



2 


= 02 


where ai > 0 and 02 > 0 are prescribed. In the system Ai and A2 are unknown and will 
appear as Lagrange multipliers. We treat the case of homogeneous nonlinearities, i.e. fi (ui) = 
F(ui,U2) = |u2|’’^, with positive constants/ 3 ,/ii,Pi, Ti. The exponents 

are Sobolev subcritical but may be L^-supercritical: pi,p2, ri + r2 S] 2 , 2 *[\ {2 + ^}. 
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1 Introduction 

Elliptic systems of the form 


' -Am = Aiui + /i(m) + diF{ui,U2) 
< -Au2 = \2U2 + f2{u2) + d2F{ui,U2) 
^ m,tt2 G H\R^) 


( 1 . 1 ) 


have been investigated in the last decades by many authors. Surprisingly little is known about the 
existence of normalized solutions, i.e. solutions that satisfy the constraint 


( 1 . 2 ) 



and 
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with ai, 02 > 0 prescribed. One motivation to look for normalized solutions of (11.11) are coupled 
systems of nonlinear Schrodinger equations 


(13) + 

\-idt^2 = ^^2 + g2{\^2\)^2 

Since the masses 

are preserved along trajectories of (11.31) . it is 
wave of (11.31) is a solution having the form 

x) = 


+ aiG(|M/i|M^^2p)^i 
+ 52G(|^l|M^'2p)^'2 


in M X M^. 


and [ |'h 2 p 

natural to consider them as prescribed. A solitary 


and ^ 2 it,x) = e *^^*ri 2 (x) 


for some Ai, A 2 G M. This ansatz leads to (11.11) for (^ 1 ,^ 2 ) with /i(ui) = gi{\ui\)ui, f 2 {u 2 ) = 
g 2 {\u 2 \)u 2 , and F{ui,U 2 ) = \G{\ui\^, \'U 2 ?)- 

The question of finding normalized solutions is already interesting for scalar equations and 
provides features and difficulties which are not present when the normalization condition is being 
dropped. Since the scalar setting will of course be relevant when treating systems, let us recall a 
few facts. Solutions u G of 

(1.4) —Au = Xu + f{u), / |n|^ = a, 

Jr^ 

with a > 0 fixed can be obfained as critical poinfs of fhe funcfional 

Jiu) = \ [ \Vu\‘^ - [ F{u), wifh F(s) = / f{t)dt, 

^ Jr^ Jr^ Jo 

consfrained fo fhe L^-sphere Sa '■= {u G Tf^(M^) : provided / is subcrifical. 

The model nonlinearify is f{s) = wifh 2 < p < 2* = The paramefer A in fhe 

equafion appears fhen as Lagrange mulfiplier. 

The besf sfudied cases of (11.41) correspond fo fhe sifuafion when a solution can be found as a 
global minimizer of J on S{a) which is fhe case if 2 < p < 2 + ^ for fhe model nonlinearify. This 
research mainly sfarfed wifh fhe work of Sfuarf II29II30L A bif lafer fhe Concenfrafion Compacfness 
Principle of P.L. Lions II221I23II was used in fhis fype of problems. The case when J is unbounded 
from below (and from above) on Sa, i.e. 2 + ^ < p < 2* for fhe model nonlinearify, has already 
been much less sfudied. In fhis case a mounfain pass sfrucfure has been exploifed in fTOll leading fo 
fhe existence of one normalized solution. The exisfence of infinifely many normalized solution has 
lafer been proved in fTj where a "founfain" fype sfrucfure on fhe L^-sphere has been discovered 
which is somewhaf reminiscenf fo fhe one for fhe free funcfional from see also |[32l . More 
resulfs on normalized solufions for scalar equafions can be found in IIIOII1111201 . Technical diffi- 
culfies in dealing wifh fhe consfrained funcfional are fhaf fhe exisfence of bounded Palais-Smale 
sequences requires new argumenfs, fhaf Lagrange multipliers have fo be confrolled, and fhaf weak 
limifs of Palais-Smale sequences a-priori do nol necessarily lie on fhe same L^-sphere. 
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The goal of this paper is to find positive radial solutions of systems like (11.11) under various 
growth conditions on fi, f 2 , F. In order to keep the ideas and the results simple, and in order to 
avoid technicalities we only deal with homogeneous nonlinearities /i(s) = / 2 (s) = 

and F{s,t) = Thus we look for positive radial solutions ui,U 2 G E := 

X of the system 

^ ^ I -Au2 = A 2 U 2 +/U2|tt2|f2“^U2 + r2/3|ni|'’i|u2r^“^tt2 

which are L^-normalized in the sense of (I1.2I) . Throughout the paper we require N > 2, pi,p 2 G 
]2,2*,[\{2 +j^}, and I3,pi,p2,ri,r2,ai,a2 > 0 with 2 < ri + r 2 < 2*. Thus we treat 
various self-focussing cases and attractive interaction. These constants are prescribed whereas the 
parameters Ai and A 2 are unknown and will appear as Lagrange multipliers. The system comes 
from mean field models for binary mixfures of Bose-Einsfein condensafes or for binary gases 
of fermion afoms in degenerafe quanfum sfafes (Bose-Fermi mixfures, Fermi-Fermi mixfures); 
see |[Tl[5l[T4j[25l and fhe references fherein. The mosf famous case is fhe one of coupled Gross- 
Pifaevskii equafions in dimension N < 3 where pi = p 2 = 4 , ri = r 2 = 2 modeling Bose- 
Einsfein condensafion. However models for ofher ulfracold quanfum gases use differenf exponenfs. 

The parficular case pi = p 2 = 4, ri = r 2 = 2 of coupled Gross-Pifaevskii equafions in is 
being freafed in fhe companion paper [8]. In fhe presenf paper we deal wifh general exponenfs and 
disfinguish befween fhe cases Pi,p 2 < 2-1-;^, pi < 2-|-^ <p 2 andpi,p 2 >2-1-;^. Theexponenf 
2 is critical for fhe normalized solufion problem and will nof be freafed here. Ofher resulfs 
on fhe exisfence of prescribed L^-norm solufions for sysfems can be found in ll2l[3l fT8ll261l271l3T]| . 
In fhese papers fhe solufions obfained are global minimizers of fhe associated funcfional (e.g. in 
fhe defocusing repelling case pi, |U 2 ) /3 < 0), or only fhe case of small masses ai, 02 ~ 0 has been 
freafed (as in ll27l '). In fhe latter paper fhe sysfem included a frapping pofenfial or was defined on 
a bounded domain. Requiring fhe masses fo be small is a bifurcafion type resulf. 

Up fo our knowledge fhe resulfs of fhis paper and of ifs companion paper ||8l are fhe firsf 
resulfs where one obfains normalized solutions for systems when fhe associafed functional, here 
J, is unbounded from below on fhe consfrainf, and when fhe masses need nof be small. 

The paper is organized as follows: In Section |2] we slate and discuss our resulfs. Section |3] 
confains some preliminary resulfs, whereas Sections |4] and |5] are devoled fo fhe proofs of fhe 
Iheorems from Section |2l 

2 Statement of Results 


We fix ty > 2, pi,p 2 G (2,2*), and /3, pi, /U 2 , n, r 2 , ai, 02 > 0 wifh 2 < ri -|- r 2 < 2*. We seek 
for solutions in fhe space E := x of pairs of radial functions in 

Our firsf resulf on (11.51) . (11.21) deals wifh a case where if is possible fo minimize fhe funcfional on 
fhe consfrainf. 

Theorem 2.1. The problem (11.51) . (11.21) has, for some Ai, A 2 < 0, a solution {ui,U 2 ) G E satisfy¬ 
ing ui > 0, U 2 > 0 in each of the following cases: 

a) 2 < fV < 4 andpi,p 2 ,ri + r 2 < 2 + 
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b) N > 5 and , P 2 < 2 + and ri + r 2 <2 + 

We do not know whether Theorem l2.1l a) holds true for all N >2, i.e. whether the hypothesis 
Pi,P 2 < 2 + ;^^ in|2J]b) can be replaced by pi,p 2 < 2 + ;^. Setting S'(a) = 5a n = 

{u E : \u \2 = a}, the solution in Theorem l2.1l will be a minimizer of the functional 

J(tti,n2) = -^ [ |Vuip + |Vtt2p dx - [ —\ui\P^ + —\u2f^+f3\ui\'^'^\u2\'^^dx 

2 Jrn Jrjv Pi P2 

constrained to 5(ai) x 5 ( 02 ) C E. 

It is easy to prove that any minimizing sequence {(«”, ^2 )} ^ 'S'(ai) x 5 ( 02 ) associated to J is 
bounded. Thus we can assume without restriction that (u”, ^ {ui,U 2 ) weakly in E for some 

{ui,U 2 ) E E. From the weak convergence in E we deduce that (ui, 7 x 2 ) satisfies (11.51) for some 
associated (Ai, A 2 ). To prove Theorem 12.II one still has to show that {ui,U 2 ) E 5(ai) x 5 ( 02 ). 
Even if we work in the space of radially symmetric functions this question is, with respect to the 
scalar case, challenging as was already observed in lUSll . Our proof of Theorem 12.II ultimately 
relies on the use of a Liouville’s type result for an associated scalar equation. This is responsible 
for the restriction that < 4 in part a), or that pi, p 2 < 2 + in part b). 

Our second result deals with the case where p 2 and ri + r 2 are bigger than 2 + ^ so that J is 
unbounded from below and minimization does not work. We require the following hypotheses on 
the coefficients. 

(HI) 2<pi<2 + |<P2<2*. 

(H2) 2 + ^ < ri + r2 < 2*, r2 > 2. 

Consider the functional I : —>• M defined by 

= f iVtipdx —— [ \u\^ dx 

2 Jrn P Jrjv 

constrained to the L^-sphere 5(a). Forp e]2, 2*[\{2 + we denote by mp{a) the ground state 
level, i. e. 

m‘^{a) = inf{/(tt) : u E 5(a) such that (d|s(a))^('w) = 0}. 

We discuss the properties of this ground state level in Lemma iTTl below. 

Theorem 2.2. Assume (HI), (H2) and 2 < < 4. ^ 

( 2 . 1 ) TT^pliai) + ^p^M < 0 , 

then, for some Ai < 0 and A 2 < 0, there exists a solution {ui,U 2 ) G E of (11.51) . (11.21) . satisfying 
Ui > 0, U2 > 0. 

As a corollary of Theorem 12.21 we obtain : 

Corollary 2.3. Assume (HI), (H2) and 2 < N < A Then for any 02 > 0 there exists di > 0 such 
that for any ai > di there exists a positive solution {ui,U 2 ) G E of (11.51) . (11.21) . for some Ai < 0 
and X 2 < 0. In addition di —)• 0 02 — )• 00 . 
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With respect to Theorem 12.11 the proof of Theorem 12.21 presents new difficulties. First one 
needs to identify a possible critical level 7 ( 01 , 02 ) where one can find Palais-Smale sequences. 
The consfrucfion of fhis minimax level, which is of mounfain pass type, is fhe heart of fhe proof 
and is carried ouf in Lemmas 15.1115.21 and 15.31 By Ekeland’s variafional principle fhere exisfs 
a Palais-Smale sequence associated fo 7 ( 01 , 02 ). One fhen needs fo find a bounded Palais-Smale 
sequence. We manage fo find a special Palais-Smale sequence {( 0 ^, 02 )} C S'(oi) x S'(a 2 ) having 
fhe additional property thaf Q(o”, O 2 ) —)■ 0 where Q :£'—)■ R is given by 

Q{ui,U2) = IVoili + |Vo2|i - (y - 1 ) 

The condition ( 5 ( 01 , 02 ) = 0 corresponds fo a nafural consfrainf of Pohozaev type on fhe solu¬ 
tions of (11.51) . (11.21) : see Remark [521 To consfrucf a Palais-Smale sequence having fhe addifional 
property Q{ui, 02 ) —>• 0 we employ similar argumenfs as in iTTl fmiT^llTll : see also ffllTTIl . 

From fhe property fhaf Q{ui, 02 ) —)• 0 we deduce fhaf {(^”, 02 )} C E is bounded. Finally 
in order fo insure fhe sfrong convergence of our Palais-Smale sequence we combine fhe esfimafe 
(12.11) wifh fhe Liouville argumenf already used in fhe proof of Theorem 1.1. 

In our lasf resulf we assume fhe inequalities pi,P 2 ,ri + r 2 > 2 + 

Theorem 2.4. Assume that pi, P 2 j ?’i + ?’2 > 2 -h and that 2 < N < A 

a) There exists j3i = /3i(ai, 02 , /ri, 1 ^ 2 ) > 0 such that if jd < j3i then (11.51) . (11.21) has a positive 
solution {ui,U 2 ) G Efor some Ai < 0 and X 2 < 0 . 

b) There exists (32 = / 32 (oi, 02 , /ri, /i 2 ) > 0 such that if 13 > 132 then (11.51) . (11.21) has a positive 
solution {ui,U 2 ) G Efor some Ai < 0 and X 2 < 0. 

We would like fo emphasize fhaf fhe proof yields explicif esfimafes for /3i from below and /32 
from above in ferms of pi,p 2 ,ri, r 2 and ai, 02 , /^i, ^ in particular (3i and /32 are nol obfained by 

limifing processes. 

Theorem 12.41 is a generalization of fhe resulf from (Si] where fhe case iV = 3, pi = p 2 = 4, 
ri = r 2 = 2 has been considered. The proof of Theorem 12.41 al is based on a two-dimensional 
linking on the constraint S = S{ai ) x S{a 2 ) whereas the proof of Theorem l2.4l bl uses a mountain 
pass argument on S. As in Theorem l2.2l one obtains a special Palais-Smale sequence {(rt”, rt 2 )} <G 
5(ai) X 3 ( 02 ) at the suspected critical level @( 01 , 02 ) such that Q{u'^,U 2 ) —> 0. This leads in 
particular to its boundedness. In order to obtain the strong convergence an upper bound for f3 is 
needed in part a), and a lower bound in part b). Concerning estimates for /3i or j32 we just mention 
that in the setting of [8 ] one has /3i ^ 00 if /ii = //2 —)■ 00 and oi, 02 being fixed. Similarly, 
/32 —)■ 0 if /ri = /i 2 —)• 0 and 01,02 are fixed. Since the proof in fS j for the special case N = 3, 
Pi = P2 = 4, ri = r 2 = 2, generalizes easily we simply refer to |( 8 l and do not give any details 
here. 

Remark 2.5. The results presented in this paper for > 2 can be extended to = 1. The 
difference between the cases N = 1 and A^ > 2 is that the compact embedding C 

L'?(R^) for q g] 2,2*[ only holds when N > 2. When N = 1 the corresponding compactness 
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can however be regained by working with Palais-Smale sequences of almost Schwartz-symmetric 
functions. In order to avoid additional technicalities we do not deal with the case = 1 in this 
paper but instead refer the reader to Il20ll where a similar issue is treated. The results are identical 
in the cases N = 1 and N >2 except that in the case N = 1 one should require in addition that 
r 2 > 4 in (H2) (this restriction originates only from the adapted version of Lemma l5.1l) . 


3 Preliminary results 


Throughout the paper we denote by H the space equipped with the standard norm 

\-\, so E = H X H. We also denote by S the constraint S{ai) x 5 ( 02 ). We recall, see for 
example (121, that ifun ^ u weakly in H then Un ^ u strongly in for q g]2, 2* [. 

Let us first observe that the functional J is well defined. For 2 < ri + r 2 < 2* fhere exisfs 
q > I wifh 

(2 2*'! (2* 2 i 

(3.1) max < —,-> < q < min < —, 7 -—- > , 

\ri’2*-r2j In’(2-r2)+J ’ 

which implies 2 < riq, r 2 q' < 2*, hence 





U2 


\r2 

W2q' 


< 00 . 


The Gagliardo-Nirenberg inequalify 

I'wlp < CiN,p)\S/u \2 ■ |u| 2 ~“ where a = ^ 

2p 

which holds for u G and 2 <p <2*, implies for ui G 5 '(ai), U2 G 5(02): 


(3.2) 



JV(Pl-2) 

< C'(At,pi,oi)|Vui|2 ^ 



N(p 2 - 2 ) 

U 2 |f 2 < C{N,p2,a2)\Vu2\2 ^ 


and 

(3.3) 



\u 2 \''^ dx < |rti|r}g 


U2 


|f 2 

W2q' 


N{r^ q-2) 

<C|Vui |2 


IVU 2 I 


N(r2q'-2) 

2 


wifh C = C{N, ri,r 2 ,ai,a 2 ,q). 

Lemma 3.1. Assume that p g]2, 2*[\ |2 + and let p > 0 be given. For any a > 0 there 
exists a unique couple (Aa, Ua) G M"*" x H solving 

( 3 . 4 ) — Au + Xu = p\u\^~'^u, u G Lf^(M'^), 


and such that Ua > 0 and \ua \2 = Moreover Ua corresponds to the least energy level nip (a) of 
the functional / : Lf —)• M defined by 

= \ [ iVttpdx —— f \uf dx 

2 Jrjv p jRiv 
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constrained to the L^-sphere S{a). If p G]2,2 + then mp{a) < Q for all a > 0, the map 
a mp{a) is strictly decreasing, and mp{a) —oo as a ^ go. g]2 + ^, 2 *[ then 
mp{a) > 0 /or all a > 0 , the map a mp{a) is strictly decreasing and mp{a) —)• 0 a —>■ oo. 

Proof It is standard (see |[2T|) that the equation 

(3.5) — dsu + \u = p\uf~‘^u, u E 

has, for any A > 0, a unique positive radial solution u\. By direct calculations one can show that 
u\ is given by 

u\{x) = Xp-^ w{'/Xx) 

where w is the unique positive radial solution of 

-Au + u = p\u\P-‘^u, uEF^(M^). 


Since 

\ux\l = 

for any a > 0 there exists a unique Aq > 0 , explicitely given by 

2(p-2) 

4-JV(p-2) 

5 

2 ' 



such that ux^ E satisfies Iua^ I 2 = ® is the unique positive solution of 

— Au + XaU = p\uf~‘^U, u£H^{R^). 


The solution ux^ corresponds to a least energy solution of the functional / : Tf —>• M defined by 

H'^) = 7 : f iVupdx —— f \uf dx 

2 Jrjv p jRiv 

constrained to the L^-sphere S{a). Here Aq > 0 appears as the associated Lagrange parameter. 
To prove this statement two cases have to be distinguished: 

Case 1 : p e]2, 2 + ^[. 

The least energy solution corresponds to the energy level 

m^{a)= inf /(u). 

u£S{a) 

It is standard II29II30L see also fQi], that rrip (a) < 0, that the map a i->- nip (a) is strictly decreasing, 
and that mp{a) —go as a — 00 . 

Case 2 : p e]2 + 2*[. 

The least energy solution corresponds to the energy level 

™p(“) = /M- 

udV (a) 
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Here 


(3.6) V{a) = S{a) :\Vu\l = ^^^^ ^V lp} 

is a natural constraint which contains all the critical points of I constrained to S{a). This has 
been proved in ifTTl Lemma 9.3], see also llT9l . Also in ifTTl Lemma 9.3] it is shown that the map 
a !->• mp{a) is strictly decreasing and that mp{a) —0 as a — (X). □ 

Lemma 3.2. Let {(u”, ^ 2 )} ‘L S be a bounded Palais-Smale sequence of J restricted to S. Then 
there exist (rti, U 2 ) G E, (Ai, A 2 ) € M x M and a sequence {(A”, A 2 )} G M x M such that, up to 
a subsequence: 

a) For i = 1,2, vf ^ Ui weakly in H and in vf —>■ Ui in ) for any q g]2, 2*[; 

b) (A”, A 2 ) —)• (Ai, A 2 ) in M x M; 

c) J'{u^,ul^) - A7(n^, 0) - A^(0, u^) 0 in E*; 

d) {ui,U 2 ) is solution of the system (11.51) where (Ai, A 2 ) are given in b). 

In addition if Xi <0 then uf —)• ui strongly in H. Similarly if X 2 < 0 then —?■ U 2 strongly in 

H. 


Proof Point a) is trivial. Since C H x H is bounded, following Berestycki and 

Lions ifT^ Lemma 3], we know that U 2 ) —)• 0 in E'* is equivalent to 


J'i 


Ul,U2) - 


U\ 




U2\i 


in E*. Therefore we obtain 




A? 




in E* 


with 



This proves point c). To prove point b), namely that {(A”, A 2 )} C M x M is bounded, it suffices to 
recall that {(rti, ^^ 2 )} G E is bounded and to use the estimates (13.21) and (13.31) . Now from points 
b) and c) it is standard to deduce d). 

It remains to show that if Ai < 0 then n” ui strongly in and in particular in 

Since 

and [ / \u1r\u2rdx, 

JRN Jj^N 
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and using the fact that 0), (u”, 0)) —M 2 ) — Ai(mi, 0), (mi, 0)) = 0, 

we deduce 

(3.9) iVM^li - - AilMili- 

As a consequence of the weak convergence m” ^ Ui we obtain 

IVM 1 I 2 < liminf |Vm ”|2 and |mi |2 < liminf Im^II- 
Finally, since —)• Ai we deduce from (13.91) that 

from which the strong convergence follows. The case of A 2 < 0 is treated in the same way. □ 

Lemma 3.3. a) Suppose that q e]1, 7 ^^] when N > 3 and q e]1, oo[ when N = 1,2. Let 
u E be a smooth nonnegative function satisfying —Am > 0 in Then u = 0 

holds. 

b) For 1 < q < 1 + the inequality —Am > m'^ does not have a positive classical solution 
in R^. 

Proof, a) can be found in ifT^ Lemma A.2]; b) is due to ifT^ . a simple proof can be found in 

EH. □ 

Lemma 3.4. Assume A < 4, or A > 5 and pi < 2 + ty^- V ('^1 > ^ 2 ) € E is a solution of (11.51) 
with Ml ^ 0 and M 2 > 0, then Ai < 0. If {ui,U 2 ) G E is a solution of (11.51) with M 2 ^ 0 and 
Ml > 0, then A 2 < 0. 

Proof. In the first case since mi ^ 0 satisfies 

—Ami = AiMi + + rij3uf~^U2 

and since all summands on fhe righf hand side are non negative if Ai > 0, we conclude by 
Lemma 13.31 fhaf mi = 0. This confradicfs fhe assumption fhaf mi ^ 0. The proof of fhe ofher 
par! is identical. □ 

4 Proof of Theorem 12.11 

Lemma 4.1. If pi,P2,ri + r2 < 2 then J is bounded from below and coercive on S for 
any 01,02 > 0. In addition there exists a bounded Palais-Smale sequence {(m”, m^)} C S which 
satisfies (m”)“ —)• 0 and (m 2 )~ —)• 0 in H. Here {uf)~ = max{0, —u^}for i = 1,2. 

Proof. Observe fhaf < 2 because pj < 2 + ^, f = 1, 2, and fhaf 

(4 i) N{riq-2) N{r 2 q' - 2) 

2 q 2q' 
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since ri + r 2 < 2 + ^. It follows easily from (13.21) . (13.31) and (14.11) that J is bounded below and 
coercive on S. 

Now let {(^1 ,^' 2 )} C 5 be a minimizing sequence for J on S. By the coerciveness of J it 
is bounded and also without restriction we can assume that nf > 0 and > 0. Using Ekeland’s 
variational principle II131I15II we deduce that there exists a minimizing sequence {(u”, )} C S 

which is a Palais-Smale sequence for J restricted to S and which satisfies {u^, U 2 ) — (vijV^) 0 
in E. In particular (u”)“ —)• 0 and —)• 0 in . □ 

Proof of Theorem IXTI From Lemmas l3 .1 1 and |4~T] we deduce the existence of a bounded Palais- 
Smale sequence {(rti,rt 2 )} U S such that {ui,U 2 ) weakly in E with tti > 0 and 

U 2 > 0. We also obtain a couple (Ai, A 2 ) G M x M for which {ui,U 2 ) is solution of the system 
(fO . To conclude the proof it remains to show that Ui —)• ui and —)• U 2 in H. Indeed if this is 
the case then we both have ui G S'(ai) and U 2 G S{a 2 ) and that {ui,U 2 ) is a least energy solution. 
In addition by the strong maximum principle, applied separately to each equation, we obtain that 
tti > 0 and U 2 > 0. In order to show the strong convergence in H we define 

m(ai,a2) := inf J{ui,U2). 

{ui,U2)£S 


Since /? > 0 we clearly have 


(4.2) 


771(01,02) < m^((oi) +777^2(02) < 0 


where the last inequality comes from Lemma 13.11 We now distinguish four cases and we show 
that only the last one may occur: 


Case 1: ui = 0 and U 2 = 0. 

Then \ui\p\ —)► 0, |tt 2 lp 2 0 /kjv |n"|’'i|772 dx —)> 0. Thus limsup J(77", 773 ) > 0 which 
contradicts (14.21) . 


Case 2: ui 
Then 


0 and U 2 / 0. 

limsup J(tti,tt2) > ;^|Vtt2|i - —\u2\ll > 777(02) 
2 P2 


where 02 := I772I2 < ®2- By Lemma [ 37 T] we know that 777(02) > 777(02), and since 777(01) < 0 we 
have a contradiction with (14.21) . 


Case 3: ui / 0 and U 2 = 0. 

Reversing the role of 77i and U 2 we obtain a contradiction similar to case 2. 

Case 4: 0 < \ui\\ = di < oi or 0 < \u 2\2 = 02 < 02 . 

Necessarily this case occurs. Now using Lemma lT4l we deduce that Ai < 0 and A 2 < 0. Then 
Lemma 13.21 implies 77 ” —>• ui and 772 —)• U 2 in H. At this point the proof of the theorem is 
completed. □ 
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5 Proof of Theorem 12.21 


For c > 0 we define the sets 

Ac = {U 2 G S(a 2 ) : IVM 2 I 2 < c} and Be = {u 2 € ^( 02 ) : |Vrt 2|2 = 2c}. 

Setting Jui{u 2 ) ■= J{ui,U 2 ) for ui G S{ai) we observe that 

Jui{u 2 ) = Jui{ 0 ) + ^ [ \'Vu 2 \‘^ dx - — [ \u 2 \^^ dx - P [ \ui\'^'-\u 2 \'^^ dx. 

2 Jrn P2 JKiv JrJV 

Lemma 5.1. There exists a continuous function c : S{ai) —?> M, wi —?> c{ui), such that 

sup Jui < inf for all ui G 5'(ai). 

The function c is bounded, and it is bounded away from 0 on bounded subsets of S{ai). 

Proof Fixing ui G S'(ai) we first observe that for U 2 G Ac there holds: 

Jui{u2) < JuiiO) + ^ / \Vu 2 \‘^dx < JuliO) + ^C. 

2 Jrn I 

For U 2 G Be and q as in (13.11) . and 7 = h^ve, using the Gagliardo-Nirenberg 

inequality, see (13.21) . (13.31) . 

^ 1 (^ 2 ) > J.,(0) + C- ^c(p2,iV)|Vu2|2^^'’^"'V2|f • |U2|}^„, 

P 2 

= JuM + C - iFicf(P2-2) -K2\ui\;ig-ci 

HereFfi = Ki{N, p 2 ,P 2 ,a 2 ) K 2 = K 2 {N, ( 3 ,r 2 ,a 2 ,q)- Observe that ^(p 2 —2) > 1 because 
P 2 > 2 + ^, and 7 > 2 provided q < 2 N-r^N +4 ■ choose q satisfying this inequality and 

(13.11) because 

2N (22*} 

2 N - r2iV + 4 ^ 2* -r2 J 

which is a consequence of ri + r 2 > 2 + ^ and r 2 > 2. 

Observe that < |c if c > 0 is small because y K 2 \ui\'^}g ■ C 2 < 

|c if c > 0 is small because 7 > 2. More precisely, if c : 5(ai) —)• M"'' satisfies 

(5.1) c(?xi) < min (8iFi) , { 8 K 2 ) ■ \ui\riq >, 

then we have for U 2 G f?c(ui)- 

Jui{u 2 ) > Jni(O) +C(ui) - ■^c(ui) - ■^c(ui) 

o o 

(5.2) 1 

> ^ni(O) + -C{ui) > sup Jui- 

Clearly we may define a continuous function c : S{ai) —)• M"'' satisfying (15.11) and which is 
bounded away from 0 on bounded subsets of S'(ai). In fact, the right hand side of (15.11) may serve 
as definition. By (15.11) c is also bounded above. □ 
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Now we set 

^(^l) -^c(ui)) B(u\) Bc{u\) 


and 


B = {{ui,U2) : ui G ^(ai), U2 € 


Let u£ S'(oi) be such that 


(5.3) <^(M)0)= min J(m, 0)<0. 

u£S{ai) 

The existence of u is insured by Lemma ITT] 

Lemma 5.2. There exist v G A{y^ and w G S{a2) \ ^ 2 c{u) 

max{ J(;u,T), J(u, m)} < inf J{ui,U2)- 

{ui,U2)GB 

Proof. Since J{u,U2) —)• J{u, 0 ) as |Vtt2|2 —^ 0 , in order to obtain v G A(m) it is sufficient to 
prove J{u, 0 ) < inf^ J. The functional J(-, 0 ) : S'(ai) —)• M is coercive because 2 < pi < 2 + ^. 
Choose R > 0 such that J{ui, 0 ) > J{u, 0 ) + 1 if | Vtti|2 > R- Then we have for (rti, rt2) G B 
with |Vrti|2 > R, cf. ( 15 . 21 ) : 

3 

J{ui,U2) > J(ni, 0 ) + -c(rti) > J(n, 0 ) + 1 . 

By Lemma l 5 T] there holds 

£ := inf c(ui) > 0 
|V«i|2<R 

which implies for (ui, M2) € i? with |Vmi|2 < R: 

3 3 

J(mi,M2) > J(mi,0) + -c(mi) > J(m, 0) + -e. 

In order to find w G 8(02) \ ^2c{u) required we define for each u G 8(02) and f G M the 

scaled function t *uby {t * u){x) = e^^u{e^x). Clearly t * u £ 8(02) for every f > 0 , and 
|V(f * m)| 2 —00 as f —00. Now since p2 > 2 + ■^, fixing an arbitrary u G 5(02) we see that 
J(m, {t* u)) —)• —00 as f —)■ 00. □ 

As a consequence of Lemma l 5 ! 2 ] the set 

r := {p G (:([ 0 , 1 ], 5 ) : 5(0) = (mi,M2), g{l) = {wi,W2), 

V2 G A(mi), W2 ^ A2c(wi), m.ax{J{vi,V2),J{wi,W2)} < inf J} 

B 


is nonempty. 

Lemma 5.3. We have 


7 ( 01 , 02 ) := inf max Jigif)) > inf J. 

96riG[0,l] B 
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Proof. We just need to show that for each g{t) = g 2 {t)) G T there exists a f G [0,1] such 

that g{t) G B. The map a : [0,1] —)■ M given by f ^ | Vp 2 (f)l 2 “ 2 c( 5 i(f)) satisfies 

a(0) = ||Vr; 2||2 - 2c(t>i) < c(r;i) - 2c(r;i) < 0 


and 

a(l) = ||Vt(; 2 ||i - 2 c{wi) > 0 . 

Thus there exists a f G [0,1] such that a{t) = 0, which means g{t) G B. 
For future reference we also need. 


□ 


Lemma 5.4. Assume that (HI) and (H2) hold. Then for any ai > 0 and 02 > Owe have 


(5.4) 7(«i,a2) < + m^2(®2)- 

Proof. Let u G 5'(a2) be such that 

J(0,u) = I{u) = min I{u) = m^l(a 2 ) 
u€V(a 2 ) 

whose existence and characterization is recalled in Lemma [3Tl with V (a) defined in (13.61) . Since 
u G V ( 02 ) if is readily seen that 


(5.5) max. I{t * u) = 1(0 * u) = I(u). 

teR 

We now consider the path /i : [0,1] —)■ S' given by h{t) = (u, hs{t)) where 

h,(f)(x) = e^(2t-i)f-(g«(2t-i)^)_ 

Here s > 0 is choosen sufficiently large so that 


iv iV 

/is(0)(-) = G A{u), hs{l){-) = e'^'2'It(e'^-) 0 ^2c(u) max J(u,/is(l)) < 0. 

Thus h belongs to T. Now using (15.51) and /3 > 0 we obtain 

max J(h(t)) < J(u,0) + max J(0,hs(t)) = mlPiai) + m^lia 2 ). 
te[o,i] t£[o,i] piv / P2V / 


□ 

Lemma 5.5. Assume that (HI) and (H2)hold. There exists a Palais-Smale sequence {(n”, )} C 

S for J at the level 7 ( 01 , 02 ) which satisfies (o”)“ —>• 0 , 0 in H and the additional 

property that Q(u^, ) —>• 0 where Q is given in (12.21) . 

Remark 5.6. It is possible to prove that any solution ( 01 , 02 ) of (11.51) . (11.21) must satisfy 
(5(01,02) = 0 . Thus Q{ui,U2) = 0 is a natural constraint. This condition is directly related 
to the Pohozaev identity adapted to the presence of the constraint S. Formally it can be obtained 
by looking at the function f i-G (t 02) for (01,02) G S. Then (5(01,02) = 0 corresponds 

to the condition that the derivative of f i-G J{t *ui,t * 02) is zero when t = 1. 
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Results in the spirit of Lemma l 53 ] have now been proved in a variety of situations ITTII 10111711191 
[20l[24l and we shall be rather sketchy here, refering the readers to these papers for more details. 
We recall the stretched functional first introduced in ifT^ : 

J : M X 77 — )• M, (s, (ui, U2)) 1—)• J(s * ui, s * U2). 

In the sequel we write s*(ui, n2) := 5*7x2) and recall that s* (ui, tt2) G 5 if(ni,tt 2 ) E 5 . 

Now we define fhe sef of pafhs 

f := {g £ ^([ 0 , 1 ],M X S) : ^( 0 ) = ( 0 , (ui, 7x2)), g{l) = ( 0 , (7771,7772)) 

772 G A(77i), 7772 ^ ^2c(«)i), max{J(77i, 772 ), J(777i, 7772)} < mf j} 

B 


and 


7(01,02) := inf max J{g(t)). 

ggriG[ 0 ,l] 


Observe fhaf 7(01,02) = 7(01,02). Indeed, by fhe definifions of 7(01,02) and 7(01,02) this 
identity follows immediately from the fact that the maps 


if :r g^ (p{g) := (0,p), 


and 

ijj :f g = {a,g) ^ 7 / 7 ( 5 ) :=a*g, with {a * g){t) = a{t) * g{t), 

satisfy 

= Jig) and J(7/7(5)) = J(g). 

Proof of Lemma ^^ From the observation that 7(01,02) = 7(01,02) we obtain a sequence 
{(77”, 7 X 2 )} C S such that 

max J(0, (77i , 772 )) ^ 7 («i)« 2 )- 
tG[0,l] 

Since J(7Xi, 7 x 2 ) = J(|7xi|, I 772 I) we can assume that 77”(f) > 0 and 772 (f) > 0 for t G [0,1]. 

Now Ekeland’s variational principle implies the existence of a Palais-Smale sequence 
{(s,i, (tx”, 7x2))} for J restricted to M x 5 at the level 7(01,02) such that —)• 0 and tx” — xxf ^ 0 
for X = 1, 2 . It follows that ( 7 x”)“ —)■ 0 and (7X2)“ — 5 - 0. From J(s, (7x1,7x2)) = J(0, s * (7x1,7x2)) 
we deduce that 

{ dsJ ){ s , (7x1,772)) = ( 9 sJ)( 0 , s * (7x1,772)) 
and, for u = ( 771 , 7 x 2 ), </> = ((/)i,(/> 2 ): 

iduJ)is,u)[(f)] = {duJ)i0,s* u)[s * (/>]. 

As a consequence, {(0,5^ * iui,U 2 ))} is also a Palais-Smale sequence for J restricted to 
M X 5 at the level 7(01,02). Thus we may assume that Sn = 0. This implies, firstly, that 
{(7x”,7X2)} C 5 is a Palais-Smale sequence for J restricted to S at the level 7(01,02) and sec¬ 
ondly using dgJifi, (tx”, 7 X 3 )) —s- 0 that Q( 7 x”, 7 X 2 ) —)• 0 holds. □ 
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Lemma 5.7. Assume (HI) and (H2) hold. Then the sequence {(^",^ 2 )} C S obtained in 
Lemma [531 is bounded. 


Proof. This property is directly related to the fact that the functional J restricted to the set 
Q{ui,U 2 ) = 0 is coercive. Indeed we can write, for any e > 0, 




+ j3c{e) [ \uif^\u 2 f^dx + 


+ h(e)\u2\ll 

^-Y^Q(ui,U2). 


where 


a{e) 


(1 - g)/rijV 

2 pi 



Pi ’ 


6(e) 


(1 - e)^2A^ m _ A 

2p2 V 2 ) 


T 2 

P2 


and 


c(e) 




The coefficient a(e) is strictly negative but the corresponding term can be easily controlled by 
e|Vni |2 using the Gagliardo-Nirenberg inequality once more because pi < 2 + ^. Next ob¬ 
serve that 6(e) > 0 holds for e > 0 small enough, because p 2 > 2 + ^. Now concerning the 
term /3c(e) dx we immediately obtain that c(e) > 0 for e > 0 small. Using 

Q{ui, tt 2 ) —)• 0 yields the boundedness of our Palais-Smale sequence. □ 


At this point, using Lemmawe can assume that (u^jU^) ^ (^* 1 , 1 ^ 2 ) weakly in E with 
til > 0 and U 2 > 0. In order to get the strong convergence, according to Lemmas [3.2l and [T4l we 
just need to show that ui / 0 and U 2 / 0 . 


Lemma 5.8. Assume that (HI) and (H2) hold, and that 7 ( 01 , 02 ) 7 ^ 0. Then tti 7 ^ 0 and U 2 7 ^ 0. 


Proof. Suppose by contradiction that at least one of ui or U 2 is zero. Then the strong convergence 
in L'?(R^) for q G (2,2*) implies 


/3 


[ \u^ir\u^ 2 \ 

JW.N 


^2 dx 0. 


Thus since {(rti, satisfies Q{ui, vdf) —)• 0 if follows thaf 

T 2 


J{vf,v!f) = ^ 
(5.6) Pi 


t(I-- 


\^i\l\ + - 


P2 


^ m _ 1 
2 V 2 


= -D^\m\l\+D 2 \u 2 \ll + o(l) 


1 


\u^\ 


P2 

P2 


where > 0 and D 2 > 0. We now distinguish three cases: 

Case 1 : ui = 0 and U 2 = 0. 

From (15.61) we obtain that J(tti, U 2 ) —)• 0. Thus since we have assumed that 7 ( 01 , 02 ) 7 ^ 0 this 
case cannot occur. 
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Case 2 .• ui = 0 and U 2 7 ^ 0. 

First note that by Lemma l34l we have A 2 < 0, hence U 2 ^ U 2 C S{a 2 ) strongly in Ff as a 
consequence of Lemma lL2l Using ni = 0 it follows from (15.61) that 

(5.7) J(n",tt 2 ) - F(tt 2 )-S'0 and J(n", ^ 2 )-)► F 72 |'W 2 |p 2 - 
Since (ui, U 2 ) is a solution of the system (11.51) we see that M 2 ^ 0 satisfies 

—Am — A2M = ^2 \uY‘^~‘^u. 

From Lemma ini and (15.71) we deduce that iA 2 |M 2 |p 2 = (“ 2 ) > 0. Therefore in order to obtain 

a contradiction it suffices to show that 7 ( 01 , 02 ) < rripl ( 02 ). But this is immediate from Lemma 
I5.4l because mpl (oi) < 0. Thus case 2 is not possible. 

Case 3 : ui ^ Q and M 2 = 0. 

As in case 2 we can show that mJ^ —mi G 5'(ai) strongly in H. Now since M 2 = 0 it follows that 
J(m”, M 2 ) —/(m”) —)• 0 and J(m)‘, m^) —)• —F7i|mi|^J. 

Arguing as in case 2 we identify —iAi|Mi|p) with the least energy level of 

( 5 . 8 ) — Am — Aim =/ri|M|^^“^M, 
namely 

-DiWilll = m^i(ai). 

Therefore in order to avoid that this case happens it suffices fo show fhaf 7 ( 01 , 02 ) > mpl (oi) = 
I (m). Buf fhis is precisely whaf we can deduce from fhe lemmas [5Ul 15.31 and fhe definifion of B. 

Having proved fhaf fhe cases 1, 2 and 3 are bofh impossible fhis concludes fhe proof of fhe 
lemma. □ 

Proof of Theorem \2C2\ In view of fhe lemmas [T^I5.51l5.7l and l5.8[ in order fo esfablish fhe fheorem 
if is enough fo prove fhaf 7 ( 01 , 02 ) <0. We see from Lemma l5^ fhaf fhis is fhe case if m^l (oi) + 
mpl{a 2 ) < 0. Nofe also fhaf mi > 0 and M 2 > 0 follows direcfly from fhe sfrong maximum 
principle because mi ^ 0 and M 2 ^ 0 . □ 

Proof of Corollarv \23\ From Lemma [3T] we know fhaf mpl{ai) < 0 and mpl{ai) —)• —00 as 
oi —)• 0. Also mpl{a 2 ) > 0 and 771 ^ 2 ( 02 ) —)• 0 as 02 —)• 00 . Therefore fhe corollary follows 
direcfly from Theorem 12.21 □ 
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